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Abstract 

We describe measurement-only topological quantum computation using both projective 
and interferometrical measurement of topological charge. We demonstrate how anyonic 
teleportation can be achieved using "forced measurement" protocols for both types of mea- 
surement. Using this, it is shown how topological charge measurements can be used to 
generate the braiding transformations used in topological quantum computation, and hence 
that the physical transportation of computational anyons is unnecessary. We give a detailed 
discussion of the anyonics for implementation of topological quantum computation (par- 
ticularly, using the measurement-only approach) in fractional quantum Hall systems. 
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1 Introduction 



Since von Neumann's axiomatization of quantum mechanics in the 1930s (T], mea- 
surement has been a kind of stepchild to unitary evolution. As the link between the 
quantum and classical worlds, measurement has attracted considerable skeptical 
scrutiny from scientists and philosophers. In the domain of quantum computation, 
measurement - an act which may project out computational degrees of freedom and 
potentially decohere important quantum correlations - is often dreaded and great 
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care must be taken to avoid the occurrence of unintentional measurements (e.g. by 
the "environment"). However, from a pragmatic perspective, measurement is a co- 
equal pillar of quantum mechanics and a tool to be exploited. In mathematics, also, 
unitary operators and projectors are dual. Bott periodicity states that a loop of uni- 
taries corresponds to a projector and a loop of projectors corresponds to a unitary. 
In the integral quantum Hall systems, this perspective links the Chern class in the 
bulk to the energy current at the edge. 

It is a familiar idea that measurement can stop something from happening, e.g. the 
"watched pot" effect of the quantum Zeno paradox. It is less familiar that measure- 
ment can elicit an intended evolution of states. To get an idea for how this might 
work, consider adiabatic evolution of a vector \1' in a A;-fold degenerate ground state 
manifold of a Hamiltonian H . Perturbing the Hamiltonian in time, H(t), while 
leaving the fc-fold degeneracy intact will evolve in time0. A discretized descrip- 
tion of this evolution amounts to moving the fc-dimensional ground state subspace 
slightly inside the entire state space (leaving fixed), and then projecting ^ or- 
thogonally back into the new ground state subspace and repeating. It well known 
that adiabatic evolution can effect the general unitary on the A;-fold ground state 
space, so a composition of projections ("measurements") suffices to simulate uni- 
tary evolution in this simple example. This example amounts to a variation on the 
"quantum watched pot effect" in which the "pot" is not holding still, but rather, it 
evolves in a manner dictated by how it is "watched." 

The preceding example suggests that, under the right conditions, a quantum state 
can be deliberately nudged along by a sequence of measurements, as an alterna- 
tive to directly constructing a unitary evolution of a state's underlying degrees of 
freedom. However, we are not interested in the case where we are performing an 
adiabatic variation of the Hamiltonian, but rather we want to employ more standard 
measurements, whose effects are to dramatically disturb the state with a projec- 
tion, in order to generate desired unitary operators. A little more thought turns up 
a conundrum: How can projection, an operation which generically reduces rank, 
simulate an operation which has full rank such as unitary evolution? The crux of 
the answer (hinted at in the proceeding example) is that we do not attempt to sim- 
ulate evolution of a general state via general measurements. Instead, by choosing a 
specific subspace of the total state space, properly chosen measurements can gen- 
erate unitary evolution for states in the subspace. The archetypal example of this 
is quantum state teleportation, in which a properly chosen measurement preserves 
the rank of the quantum state, but transforms it in some particular way. In fact, 
teleportation is such a good example that it turns out to be the crucial ingredient 
of all measurement based approaches to quantum computation. For the purposes of 
quantum computing, one is content as long as any desired unitary evolution on the 
computational subspace can be produced. 



This evolution can be described by the canonical connection on the "tautological bundle" 
over the Grassmann manifold of A; -planes. 
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In quantum computation, the accuracy of the unitary evolution is paramount. The 
principle advantages of the topological approach to quantum computing are that 
fault tolerance is naturally provided at the hardware level by the non-local state 
space of non-Abelian anyons, and that the unitary operators corresponding to braid 
representations are essentially exact. The topological model also anticipates mea- 
suring states in the basis of topological charge for qubit readout. It makes sense to 
ask if topological quantum computations can be organized as a sequence of such 
topological charge measurements, rather than as an exercise in physically braiding 
anyons, which has been the hypothetical paradigm since the inception of topolog- 
ical quantum computation (TQC) 112131 . What we have found is that performing 
TQC can in fact be reduced to the employment of a single computational prim- 
itive: topological charge measurement, and we call this approach "measurement- 
only topological quantum computation" (MOTQC) [i4j|. 

In Ref. [Sll, we considered (nondemolitional) topological measurements that ex- 
ecute precisely the von Neumann orthogonal projections onto topological charge 
sectors. Using such topological charge measurements, we devised an anyonic ana- 
log of quantum state teleportation through "forced measurement," a probabilisti- 
cally determined adaptive sequence of measurements that assures the attainment of 
a desired outcome. Forced measurement teleportation is an important primitive (or 
rather, modular composite of primitives) for MOTQcO], as we have showed that a 
sequence of forced measurements can be used to generate any braiding transforma- 
tion used in TQC. 

However, anyonic interferometry is another form of topological charge measure- 
ment, which is generally not quite the same as projective measurement for non- 
Abelian anyons. Anyonic interferometry is known II5I6I7II to amount to a combina- 
tion of the usual projection onto topological charge sectors with a decohering effect 
between anyons inside and outside of the interferometer, that one can think of as 
a severing of the anyonic charge lines connecting these regions. This decoherence 
is a crucial difference that causes the forced projective measurement protocol of 
Ref. [4J to fail. Indeed, in the context of quantum information processing, opera- 
tions associated with the term "decoherence" typically bear dire consequences for 
the encoded quantum information. Fortunately, when examined in detail, the deco- 
herence associated with anyonic interferometry does not harm the encoded com- 
putational state information, so the situation can be salvaged. Since interferometry 
is a projection together with decoherence, the process studied here is more com- 
plicated than for projective measurement, and requires the use of density matrix 
formalism. In this paper, we will review the (projective measurement based) results 
of Ref. [Sll in the density matrix formalism, providing a stepping stone in the ex- 
tension to the interferometrical version. We then extend the concepts of anyonic 



^ Readers from the computer science side of the subject who are not familiar with "telepor- 
tation" should not be concerned; it amounts merely to moving an anyon along a worldline 
which is not monotonic in time, a concept completely natural in quantum field theory. 
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teleportation and MOTQC to the case where interferometry measurements of topo- 
logical charge are employed. This is done by appropriately modifying the forced 
measurement protocol with additional topological charge measurements that allow 
forced measurement anyonic teleportation to be achieved using interferometry. In 
the context of MOTQC, we require topological charge measurements of collections 
of at most 8 adjacent anyons, ensuring unbounded measurement are avoided. 

The extension of MOTQC to the case when topological charge is measured inter- 
ferometrically is not merely an exercise in thoroughness, but rather is very prag- 
matically motivated by the goal of physical implementation. The most likely topo- 
logical mediums in which TQC will be realized are fractional quantum Hall (FQH) 
systems, as these are the only physical systems that have experimentally exhib- 
ited topological order. In particular, the second Landau level FQH states at u = 
5/2 and 12/5 described by Moore-Read [8], Read-Rezayi [9], and/or Bonderson- 
Slingerland [fTOl have quasiparticles with non-Abelian braiding statistics of either 
the Ising or Fibonacci type (see Appendix). The principal method of measuring 
topological charge in these FQH systems will undoubtedly be quasiparticle inter- 
ferometry, as it has been rapidly developing on both experimental and theoretical 
fronts. In fact, double point-contact FQH interferometers, which could eventually 
be used for our desired topological charge measurements, have already been ex- 
perimentally realized in the z/ = 5/2 regime [ITTI . In contrast, TQC braiding of 
computational anyons involves moving individual anyons in a highly controlled 
manner for which there is at present essentially no experimental basis, and theo- 
retical proposals whose prospects are, at best, dubious. Thus, from a technological 
point of view, it seems that MOTQC using interferometry in FQH systems gives the 
clearest path to implementation of TQC. In this vein, we conclude the paper with 
a detailed discussion of the anyonico required to implement MOTQC in FQH 
systems, providing a concrete proposal for the actualization of TQC. 



2 Topological Charge Measurement 

Since topological charge measurement is the foundation upon which the measurement- 
only approach to TQC is based, we begin by describing it in detail. We use a iso- 
topy invariant diagrammatic representation of anyonic states and operators acting 
on them, as described by anyon models (known in mathematical terminology as 
unitary braided tensor categories I12I13II ). These diagrams encode the purely topo- 
logical properties of anyons, independent of any particular physical representation. 
We provide a terse review of useful properties of anyon models here, and recom- 
mend Refs. [I14I15I6I7II for additional details. For a few particularly relevant exam- 
ples (Ising, Fibonacci, and 811(2)^, and the non-Abelian fractional quantum Hall 

^ The term "anyonics" was coined by Wilczek in reference to the science of manipulating 
anyons in materials and devices. 
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states related to these), see the Appendix. 

An anyon model has a finite set C of superselection sector labels called topologi- 
cal or anyonic charges. These conserved charges obey a commutative, associative 
fusion algebra 

axb = J2N:,c (2.1) 

where the fusion multiplicities N^^ are non-negative integers which indicate the 
number of different ways the charges a and b can be combined to produce the 
charge c. There is a unique trivial "vacuum" charge E C for which A^^q = 5ac, 
and each charge a has a unique conjugate charge, or "antiparticle," a G C such that 
^ab = ^ba- (0 = and d = a.) Writing the fusion multiplicities as matrices [Na]l 
with indices b and c, we define the quantum dimension da of charge a as the largest 
eigenvalue of Na, and the total quantum dimension as P = dl- We define a 
topological charge a to be Abelian if da = 1 and non-Abelian if da > 1, which 
is equivalent to saying Abelian charges have unique fusion with all other charges 
(J2c ^ab — 1 whereas non-Abelian charges are permitted multiple fusion 

channels (i.e. Y.c ^ab > 1 for some bf^ 

In the diagrammatic formalism, each segment of line is oriented (indicated with an 
arrow), and has a topological charge associated with it. Reversing the orientation 
of a line is equivalent to conjugating the charge labeling it, i.e. 



(2.2) 



Charge lines carrying the vacuum charge can be added and removed from dia- 
grams at will. 

Each fusion product has an associated vector space Vah with dim V^, = Nai,, and 
its dual (splitting) space V^^. The states in these fusion and splitting spaces are 
assigned to trivalent vertices with the appropriately corresponding anyonic charges: 

{djdadtf % ={a,b;c,fi\eV:„ (2.3) 



{djdad,f" ''VT^ = |a,6;c,/i) e V:\ (2.4) 




where ji = 1, . . . , A^^^^. Most anyon models of interest, for example, those described 
in the Appendix, have no fusion multiplicities, i.e. N^^^ = 0, 1, in which case the 
vertex labels fi can be dropped (such indices can comfortably be ignored in this 



^ Technically, this allows for a "non-Abelian" charge that nonetheless has only Abelian 
braiding, but this is not the case for the examples we consider, so we will not worry about 
being more careful with this distinction. 
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paper). The normalization factors {dj dad^) ' are included so that diagrams are in 
the isotopy invariant convention throughout this paper. Isotopy invariance means 
that the value of a (labeled) diagram is not changed by continuous deformations, 
so long as open endpoints are held fixed and lines are not passed through each 
other or around open endpoints. Open endpoints should be thought of as ending on 
some boundary (e.g. a timeslice or an edge of the system) through which isotopy 
is not permitted. As a word of caution, we note that the diagrammatic expressions 
of states and operators are, by design, reminiscent of particle worldlines, but there 
is not a strict identification between the two. The anyonic charge lines are only a 
diagrammatic expression of the algebraic encoding of the topological properties of 
anyons, and interpreting them as worldlines is not always correct. 

Diagrammatically, inner products are formed by stacking vertices so the fusing/splitting 
lines connect 



which can be applied inside more complicated diagrams, as is the case for all dia- 
grammatic relations. This diagrammatically encodes charge conservation, and as a 
special case (with c — 0) gives 



The identity operator on a pair of anyons with charges a and b is written diagram- 
matically as 



More complicated diagrams can be constructed by connecting lines of matching 
charge. The resulting vector spaces obey a notion of associativity given by unitary 
isomorphisms, which can be reduced using the expression of three anyon split- 
ting/fusion spaces in terms of two anyon splitting/fusion 




(2.5) 




(2.6) 




(2.7) 



(2.8) 



to isomorphisms called F-moves, which are written diagrammatically as 



a 



b 



c 



a 



b 



c 




(2.9) 



d 



d 
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We write this with one line bent down as 

b 



An 



cd 



aV y b 



c if X" 




(2.10) 



which is also a unitary transformation. From Eq. (12.71) . we immediately find that 



jab 



dr. 



(2.11) 



and more generally, applying Eqs. (12.71) and (12.51) gives a relation between the two 
types of F- symbols 



rpab 



(e,a,/3)(/,/.,i.) 



dadd 



Tpceb 



{a,a,fj,){d,fj,u) 



(2.12) 



The standard tensor product of operators X and Y acting on different sets of anyons 
are formed by juxtaposition in the diagrammatic representation 



X(g)Y 



X 



Y 



(2.13) 



The quantum trace Tr of an operator X is defined by closing the diagram with 
loops that match the outgoing lines with the respective incoming lines at the same 
position 

" Ai An 



Tr [X] = Tr 



X 



A' A' 



Ail^..Ani<^ 



X 

—xj 



w. . .u 



(2.14) 



where the capitalized topological charge labels are used to mean there can be a sum 
over charges on these lines. This is related to the standard trace Tr on the vector 
spaces (bras and kets) by 

Tr[X] =5]4Tr[X,], (2.15) 

c 

where the operator X is decomposed into sectors of overall topological charge c 
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X = Y,X,, (2.16) 

c 

X, = n(i-") xn(i-") G ® ^Ai...A- (2- IV) 



A diagrammatic representation of 11^^ - "^ the projector of the n anyons onto defi- 
nite collective charge c, is given in Eq. (12.331) . We note that such projectors give a 
partition of identity 

Ia,...a„=En^"^. (2.18) 

c 

Notice that for any operator X with overall vacuum charge X = Xq, or more 
generally with overall charges that are Abelian X = I]cec|Abi quantum 
trace and the standard trace coincide Tr [X] = Tr [X] . Partial quantum traces are 
defined by closing a subset of the charge lines with loops back on themselves, but 
requires specification of how these lines are closed on themselves corresponding to 
the physical path through which the traced out anyons are removed from the system 
(see Ref. [7] for additional discussion of this point). 

The counterclockwise braiding exchange operator of two anyons is represented 
diagrammatically by 



and similarly, the clockwise braid is 



a/ \b 




Ra,= X. =r^\l-r^ RT ^t: , (2.19) 



Rl = Rat = ,/\ ■ (2-20) 
6/ \ a 



Some important quantities derived from braiding are the topological spin 

ea = e, = d-'Tr [R^^] = E I [RTl^ = 1 ^^^y^^ > (2-21) 
the topological S'-matrix 

Sab = Tr [R,aRab] = Y: ^ab-^^d, = ^ j^^^^^i^ b ' ^^'^^^ 

and the monodromy scalar component 

Mab = ^-^&^ = ^ fTP) =#^- (2.23) 



Trpafe] dadb a\Jyl_yb SoaSob 



Anyonic pure states |^) have trivial overall anyonic charge, and can have super- 
positions of states with different non-local topological quantum numbers, e.g. the 
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topological charges of the different possible fusion channels of a collection of non- 
Abelian anyons. Localized topological charges must be definite due to superselec- 
tion. For example, a general four anyon pure state would be written as 

1^) = Yl '^c,a,i3 0.2] c, a) |c, 03; 04, (5) |a4, 04; 0) 

fli 02 03 04 




(2.24) 



The normalization is such that (^|^) = IV'c.a,/?!^ = 1- 

c,a,/3 

For more general anyonic states, in particular mixed states and those with non- 
trivial overall topological charge, it is natural to use the density matrix formalism. It 
will be necessary to deal with such states whenever partial traces or superoperators 
(such as decoherence), which is the case when using interferometry measurements, 
since such effects can leave the system of interest with non-trivial overall charge. 
For example, a general four anyon state would be written as 



ai 02 03 04 




(2.25) 



ai 02 03 04 



In general, when we write an anyonic state for anyons 1, . . . , m, we will always 
number the localized anyons, corresponding to the endpoints at the top and bottom 
of the diagrams, from left to right. For states with non-trivial overall charge, the 
quantum trace (and partial quantum trace) is the physical trace, so we included an 
extra factor 1/dfio write the normalization condition 

Tr[p]= P(c,a,e,/3,/)(c,a,e,/3,/) = 1- (2.26) 

c,e,/,a,/3 

For pure states p = |\E') (\E'|, we have Tr [p] = Tr [p] = {^!\^!) — 1. 
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2.1 Projective Measurement 



Given a complete set of Hermitian, orthogonal projection operators {He} corre- 
sponding to the eigenstates of some observable, the projective measurement [HI of 
this observable for a state |\1') will have outcome c with probability 

Prob(c) = (^|nj^) (2.27) 

and project (with re-normalization) the state into the corresponding subspace 

\^) ^ n, = "^'"^^ . (2.28) 



In an abuse of notation, we use He to denote both the map to the post-measurement 
state for outcome c and the projector acting on the Hilbert space, but the mean- 
ing should be clear from context. Using the density matrix formalism to describe 
states, the corresponding probability and projection of the state p for measurement 
outcome c are 



Prob (c) = Tr [H^p] (2.29) 

p ^ n, [p] = (2.30) 
Tr[n,p] 



Within the diagrammatic formalism, the projector onto definite internal vertex state 
p and collective charge c of two anyons 1 and 2 (numbered from left to right) 
carrying definite charges a and b respectively is 

dr. 1^ 



^c,i^ = \ai,a2;c,p) (01,02; c,p| = J . (2.31) 



"1 y^^^a2 




For measurements that can distinguish the collective charge c, but not the different 
internal vertex states, the projector is given by 



> = \ai, 02; c) (ai, 02; c| 
= Yl l«i'«2; c,p) (ai,a2;c,p 

In the rest of this paper, we will only consider anyon models with no fusion multi- 
plicities (i.e. the fusion coefficients are either N^^ = or 1, depending on whether 
the fusion is allow), so we can drop the internal vertex label. This subset encom- 
passes all of the most physically relevant anyon models, and generalizing the meth- 
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ods and results to apply when there are fusion multiplicities is straightforward, so 
this is not a severe restriction. 

The projector onto collective topological charge c of n anyons is 



j-j(i...n)^ E |ai,a2;c2) |c2,a3;c3) . . . |c„_i,an;c) 

C2,.--,Cn-l 

X (cn_i, a„; c| . . . (c2, as; C3I (ai, 02; C2 



ai a2 . . . a„ 




(2.33) 



ai 02 . . . a„ 



When one writes operators, such as these topological charge projectors, in anyonic 
systems, one must also specify their topological configuration with respect to other 
anyons in the system, which is determined by the physical process they represent. 
This configuration information is explicitly contained in the diagrammatic repre- 
sentation of operators, but left explicit in the symbolic shorthand (e.g. nj used to 
represent it. For example, when considering four anyons, we write 



ai 0,2 03 04 




(2.34) 



ai 02 03 a4 



to represent the projection corresponding to a charge measurement with the spatial 
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Fig. 1. Topological aspects of an operator determined by the spatial configuration of 
a physical process are naturally encoded in their diagrammatic representation. Two 
topologically inequivalent spatial configuration for measuring the collective topological 
charge of anyons 1 and 4 in the presence of anyons 2 and 3 are shown here, with (a) 
corresponding to Eq. (12.341) . and (b) corresponding to Eq. (12.351 ). The ovals delineate areas 
inside which the collective topological charge of anyons is being measured. 

configuration in Fig.[2a), whereas 



ai a2 as 04 




(2.35) 



ai a2 03 04 



corresponds to the spatial configuration in Fig. [Ub). Clearly the two correspond- 
ing spatial configurations can be inferred from the diagrammatic representation of 
these operators. When the topological configuration is left implicit, we typically 
assume the obvious simplest configuration (i.e. the planar diagrams arising from 
direct paths), but when its important we will explicitly describe the intended spatial 
configuration. 

Specifying a region inside which the collective topological charge is measured, 
such as in Fig. [TJ is like specifying a path through which the measured anyons are 
brought together to fuse into a single definite collective charge, and then separated 
and returned back to their original positions. In fact, given the ability to somehow 
split the anyons into their original configuration of localized anyonic charges after 
fusing them, this would be one possible way to perform such a charge measure- 
ment. However, there are other ways to measure the collective charge of anyons 
without actually fusing them, or even moving them at all, such as interferomet- 
rical measurement. Hence, the spatial configuration of a measurement gives the 
projection operator a path-like quality, even if the measured anyons are not actually 
moved. We emphasize that this means the diagrams in these projection operators 
should not be interpreted as the worldlines of the anyons. Rather, these diagrams 
only represent the fact that the anyonic state is somehow being projected into a sub- 
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space which has a definite combined topological charge. If one were to fuse anyons 
together, but not split them up again, this would produce a single anyon of definite 
topological charge c with Prob (c) as given in Eqs. (12.2712.291 ). but the projection is 
instead into a state space with fewer anyons. 

The physical measurement in topological systems that give rise to projective topo- 
logical charge measurements of this sort potentially include: Wilson loop measure- 
ments (enclosing the measured quasiparticles) in lattice models, energy splitting 
measurements in fractional quantum Hall (FQH) and possibly other systems, and 
(the asymptotic limit of) interferometry measurements when the collective charge 
measurement outcome c is an Abelian charge (see Section [Z2l for more on this). 
While motion (or something related to it) of quasiparticles may still occur in such 
measurements, it is something manifestly different from the braiding of the com- 
putational anyons. In particular, while Wilson loop measurements can be related to 
moving quasiparticles, does not move the quasiparticles enclosed inside the loop; 
the motion for energy splitting measurements simply brings the quasiparticles into 
closer proximity and then returns them to their original location (without braiding 
of any sort); and for interferometry, there is of course a beam of moving probe 
quasiparticles interfering around the measured quasiparticles, but the measured 
quasiparticles are not moved at all. 

When performing topological charge measurements, one must be careful to avoid 
carrying them out in a manner or configuration that results in undesired effects on 
the anyonic charge correlations of the system, such as the introduction of uninten- 
tional charge entanglement or decoherence of charge entanglement that encodes 
relevant information. 



2.2 Interferometry Measurement 

In contrast with projective measurement, interferometrical measurement of topo- 
logical charge is not quite as simple and requires a density matrix formulation. We 
will assume the anyonic interferometer is of one of the two forms discussed in 
Ref. |6 7|, i.e. either an idealized Mach-Zehnder or Fabry-Perot type. The Fabry- 
Perot type interferometer has been experimentally realized in FQH systems us- 
ing the double-point contact geometry in the weak tunneling regime [I16I17I11II . 
Though a form of Mach-Zehnder interferometer has been experimentally realized 
in FQH systems IfTSl , unfortunately the construction of such interferometers in 
FQH systems unavoidably requires one of the detectors and drains to be situated 
inside the central interferometry region. This results in the accumulation of probe 
anyons which changes the topological charge contained inside this region, render- 
ing it incapable of measuring a target charge, and hence useless for topological 
quantum computation (in any form). 
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To describe the effects of interferometry, we split the anyons of the system into three 
categories: the target anyons 1, . . . ,n, located inside the interferometry region (in 
Ref. [6 7 1 these are collectively written as A); the (non-probe) anyons n + 1, . . . , m, 
located outside the interferometry region (in Ref. [6 7| these are collectively written 
as C); and probe anyons, which we will not number (in Ref. 16171 each of these 
is written as Bj). We assume the probe anyons initially have no entanglement with 
the anyons 1, . . . , m, nor with each other. (This means that each probe anyon really 
has at least one other anyon with which it is initially entangled, giving a fourth 
category of anyons that we neglect because they will not interact with anything and 
are simply traced out.) 

The initial state of each probe anyon is described by a density matrix, which can 
effectively be written as 



P^ = E^I&)(&I=E? {b , (2.36) 



where pb is the probability that the probe has topological charge b. 

The collective state of anyons 1, . . . , m is described by the density matrix p^, which 
can be written (using F-moves if necessary) as a linear combination of the basis 
elements 



^725 dS] ■ ■ ■ \9n-l-, O-ni C^in) 
Ic^n+l; Ctn+2; ^2) 1^25 Ctn+S! ^s) • • • |^m-n.-l) C^m! C^ex) Wm-, O'ex] f) 

X (ttj^, ttg^; /I (^g^_i, a^; ... {g2, %; (cti, ^'2! 



m-n-li ^rm 0,ex 




(2.37) 



ai . . . a„ fln+i 



In these basis elements, ain is the collective charge in the ket of anyons 1, . . . , n, 
which are in the interior region of the interferometer, and Oex is the collective charge 
in the ket of anyons n + 1, . . . ,m, which are in the exterior region of the interfer- 
ometer. The charges in the respective bras are denoted with primes (since they can 
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take different values), with the except of the charges aj localized on the individual 
anyons, which must have definite values. We emphasize that the density matrix 
can have anyons 1, . . . , m in an overall collective charge /, which represents "hid- 
den" anyons that are not being kept track of with which these have anyonic charge 
entanglement. This means superpositions of / can only be incoherent (i.e. classical 
probabilities). We also note that if this overall charge is trivial / = 0, then = flin 
and ttg^ = (!■„. 



To obtain the transformation of the density matrix after a single probe measure- 
ment, one performs the following series of operations: tensor the density matrix 
of the probe with p^, apply the unitary evolution operator U corresponding to the 
probe passing through the interferometer, apply the projection operator (and re- 
normalize) corresponding to which outcome was observed by the detectors, and 
finally trace out the probe (representing the fact that the probe is "discarded" after 
the measurement and no longer kept track of). For the measurement in which the 
probe is observed at detector s, this is described by 



n,f/ (p^ ® p^) Wu, 



Tr [iisU (p^ (g) p^) um. 



(2.38) 



This gives a POVM measurement of p^ which has the effect of partially project- 
ing the collective charge of anyons 1, . . . ,n and partially decohering their anyonic 
charge entanglement with anyons n + 1, . . . , m. It may be represented by multi- 
plying the basis elements in Eq. (|2.37l) by appropriate factors (see Refs. II6I7II for 
details). We are not so concerned with the details of the transformation of p^ that 
results from sending a single probe through the interferometer, but rather are par- 
ticularly interested in the effect on the state p^ after many probes have passed 
through the interferometer. In the asymptotic limit of sending N oo probe 
anyons through the interferometer, the effect on p^ may effectively be treated as 
the simultaneous projection of the collective charge of anyons 1, . . . ,n and the de- 
coherence of their anyonic charge entanglement with anyons n + 1, . . . ,m. 



To be more precise, we focus on the part of Eq. (|2.37l) that encodes the anyonic 
entanglement between the collective charge of anyons 1, . . . ,n and the collective 
charge of anyons n + 1, . . . , m, and apply an F-move to it 
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if 



1/4 




'^in ^ex 



(2.39) 



{dainda,Ja[/aL) 



1/4 



fe u 



'"in ^ex 



(2.40) 



Multiple anyons are allowed superpositions of their collective charge, so the density 
matrix will generally be a linear combination of elements like these. Written in this 
form, the anyonic charge entanglement between the anyons 1, . . . , n in the interior 
of the interferometer and anyons n + 1, . . . , m in the exterior of the interferometer 
is reduced to a particularly clean description in terms of the single charge e line. 
These clusters of anyons are said to have no anyonic charge entanglement between 
them if e = is the only charge that has non-zero density matrix coefficients. 

One now must determine what charges the probe is capable of distinguishing by 
monodromy (the full 2n winding of one anyon around another). For this, we con- 
sider the expectation value 

MaB = JZPbMab (2.41) 
b 

of the scalar component of the monodromy of the charges a and b 



Mab^ 



Tr [RbaRa 



SnhSl 



ab 'J 00 



TrI, 



ab 



SoaSob 



(2.42) 



We use this to sort the anyonic charges into classes that the probe anyons can dis- 
tinguish via monodromy, i.e. all charges a with the same MaB as a particular 
compose the class 

C^ = {aeC: MaB = Ma^B} . (2.43) 
We define the projection operator onto the charge class Ck as 



(2.44) 



The effect of interferometry measurement in the asymptotic limit will observe the 
charge class C^, with probability 



Prob^ (k) = Tr 



(2.45) 



for which it will transform the state in a way that may be described by applying 
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the following transformation to the basis elements: 



where 



A 



{l...n) . 

B:k 



Clin dp 



(2.46) 



1 



Aa,„a' e.B 



Probyi(/t) 





if ttin, a.„ G and M^b = 1 
otherwise 



(2.47) 



To elucidate this result and highlight how it differs from projective measurement, 
we can split the effect into the two parts: projective measurement and decoher- 
ence of anyonic charge entanglement. A projective measurement of the collective 
charge of the anyons 1, . . . , n that observes the charge class [i.e. application of 
Eqs. (12.2912.301) using 11^^ ""^] transforms in a way that may be described by 



n 



(l...n) 



flex 



'^ex 
n 



(2.48) 



where 



Prob^(K) 





if ttin, a- J, G Ck 
otherwise 



(2.49) 



The decoherence of the anyonic charge entanglement between the collective charge 
of anyons 1, . . . ,n and that of anyons . . . , m is described by the superoperator 
^0^...n) rpj^^ transformation \—>- D^'"^^ {p"^^ described by the basis 

element transformation 



D 



(l...n) . 
B 









' e ' 




' e ' 




^ De,B 






1. 1 





(2.50) 



D 



e,B 



(2.51) 



where 

'l ifMeB = l 

otherwise 

This decoherence, uncovered in Ref. f5), results from probe anyons passing be- 
tween the anyon clusters in the interior and exterior of the interferometer, and ex- 
hibits an effect specific to non-Abelian anyons. In particular, while one expects 
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off-diagonal ain, aj„ terms of the density matrix to decohere when the probe can 
distinguish between and (a familiar effect in quantum mechanics), there are 
also terms that will decohere even when the probe cannot distinguish between 
and a{„ (potentially even for am = a[J. Specifically, this decoherence occurs for 
terms corresponding to e-channels that the probe can "see" (i.e. M^b 7^ 1), which 
can exist for 0^ and that the probe cannot distinguish only for non-Abelian 
anyons, because they have multiple fusion channels. The decoherence superopera- 
tor '"^ obviously has no effect on a state if all the e that occur in this state are 
such that = 1. In particular, under such conditions, an interferometry mea- 
surement (in the asymptotic limit) is a projective measurement. This is always the 
case when the charge measurement result is an Abelian charge. We also empha- 
size that this decoherence (and thus interferometry measurements) can change the 
overall collective charge of the anyons 1, . . . ,m. In other words, by applying an 
F-move to return to the original basis, one finds that it is not generally true that 



Combining these, we find that an interferometry measurement of anyons 1, . . . , n 
using — > 00 probes B resulting in the outcome is given by 



Note that the transformations Ilc^ and Db commute with each other, so the order 
of their composition is unimportant. As mentioned above, if M^b = 1 for all e that 
occur for ain, o-in ^ (^k with non-zero density matrix coefficients, then the action of 
Db is trivial and interferometry measurement is simply a projective measurement, 
and, in particular, this is the case when the measurement outcome is an Abelian 
charge. 

It is often the case that the probe anyons used for interferometry are such that all 
charges are distinguishable by the probe, i.e. making all charge classes Ck single- 
tons, and only vacuum has trivial monodromy with the probe, i.e. MaB = 1 iff 
a = 0. This is the case for all examples considered in this paper, so we restrict 
our attention to this case from now on. When this is the case, the interferometry 
measurement transformation A^^ "^ simplifies so that the projection is onto a def- 
inite charge (II^^ -")) and anyonic charge entanglement between anyons 1, . . . ,n 
and anyons n -|- 1, . . . , m is completely decohered (De,B — ^oe), i-e. for a charge 




(2.52) 



Prob^ (k) = Tr [4' "V^" 



(2.53) 



(2.54) 
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measurement outcome c this is represented on the basis elements by 



n 



. (l...n) . 



n 



ProbA (c) 



(2.55) 



This form makes it particularly easy to apply the interferometry measurement to a 
state, as one only needs to re-write the diagrams (using F-moves) describing the 
state to take the form of the left-hand side of this equation and then apply this 
simple transformation. 

A point that is glossed over in the above discussion is that there is a phase param- 
eter P in the interference term of the outcome probabilities that is an experimental 
variable. For example, the tunneling probability for a double-point contact interfer- 
ometer in the weak tunneling limit is 



C - l^il' + 1^2!" + 2 \ht2\Rc {Ma^^Be'^] 



(2.56) 



where ti and t2 are the tunneling amplitudes of the two point contacts. The interfer- 
ometer can only distinguish between target charges ain and a(j, if they give different 
values of this tunneling probability p^^ ^ p^/ , which leads to out definition of C^.. 
There are two values (mod 27r) of /3 which give = ■pZ, when Ma s ^ Ma', b, 

in in 

but these are non-generic experimental variable values that require the ability to 
tune P with infinite precision, which is, of course, physically impossible. While we 
do not need to worry that these non-generic points will make charges indistinguish- 
able, it is important to stay as far away from them as possible in order to increase 
the distinguishability of the measured charge, which decreases the number probes 
needed for a given level of confidence in the measurement outcome. Specifically, 
to distinguish between target charges and a'j^ with a confidence level 1 — a, one 
needs 



> 2 



erfc ^ (a) 



Ap 



(2.57) 



where 

^P-K-P<\- (2.58) 
In order to minimize the necessary duration of a measurement, one should tune 
(3 so as to maximize Ap. For the double-point contact interferometer in the weak 
tunneling limit, this takes the maximal value 



Ap„,ax = 2IM2I AM, 



(2.59) 



where AM 



Ma- 



M, 



aLB 



generally determines how distinguishable Oin and 



a[„ are by B probes. For such an appropriately tuned interferometer with \ti 
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|t2| ~ ^ < 1/4, we have the estimate 



N>8 



erfc 



-1 



a) 



tAM 



(2.60) 



3 Quantum State Teleportation by "Forced Measurement" 



Quantum entanglement is the primary source of philosophical quandaries concern- 
ing the foundations of quantum physics [I19I20L and yet it is also the primary re- 
source of quantum information science. One of the abecedarian examples of entan- 
glement's use as a resource is quantum state teleportation [21 J, which enjoys the 
validation of having been experimentally realized [22J. A novel use of teleportation 
is as a means of incorporating the entanglement needed to perform a quantum com- 
putation. This is the concept underlying measurement-based approaches to con- 
ventional quantum computation II23I24I25I26II . Not surprisingly, our measurement- 
only approach to topological quantum computation utilizes an anyonic version of 
quantum state teleportation to incorporate the necessary entanglement. This is done 
by using teleportation to generate the braiding transformations that in turn comprise 
the computational gates. In order to extend the concept of teleportation to anyonic 
states, we introduce and employ a protocol that we call "forced measurement." The 
idea is to perform a quantum state teleportation, without the ability to apply uni- 
tary operators to qubits, simply by performing a series of measurements until the 
desired outcome is achieved. Forced measurement is a probabilistically determined 
adaptive series of measurements in which the measurements to be carried out are 
predetermined, but the number of times that they need to be carried out is proba- 
bilistically determined by the first attainment of the desired measurement outcome. 
Li this section, we will first show how such a forced measurement protocol would 
be implemented for conventional teleportation; then we apply it to anyons, review- 
ing its implementation for projective measurement in the density matrix formalism, 
and finally describing the modified protocol for implementing anyonic teleportation 
using interferometry measurements. 



3. 1 Conventional Qubits ( Spin-1 / 2 Systems ) 



We begin by recalling the usual procedure for quantum teleportation of conven- 
tional qubits. Let us write the standard Bell states 



*^) = ^(ITT)±lii)) (3.1) 
^^) = ^(ITi)±liT)) (3.2) 
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in the following way 



|$o) = ^(in)-|iT)) (3.3) 
|*^) = I®a^|$o) (3.4) 

where ao — I and aj are the Pauli matrices. The (normalized) state to be teleported 
is 

l^)=^TlT)+^ili)- (3-5) 
The entanglement resource for the teleportation will be a Bell state l^o)^ which we 
create and then place its two spins at locations 1 and 2. The spin system encoding 
the state tjj is at location 3, which is in close enough proximity to 2 so that the 
collective state of spins 2 and 3 can be measured. This gives the tensor product of 
states 

^ ^l=o,...,3 

upon which we perform an orthogonal projective measurement in the Bell basis on 
spins 2 and 3 (i.e. using 11^^^^ = |$^)23 (^mLs)' ^^^^ ^^^^^ transforms as 

|$0)i2 \^)3 ^ nf ) [|$o)i2 \^)s] = <^ l*.)23 (3-7) 

with probability Prob (/i) = 1/4. The usual prescription for teleportation at this 
point would send the measurement outcome /i (two classical bits of information) 
from someone named "Bob" at position 2 to someone named "Alice" at position 
1, who then applies to the spin there to recover the state |^)^ (assuming that 
someone named "Charlie" or "Eve" has not decided to complicate the situation). 

There is however an alternate way to obtain the state at position 1 without applying 
a recovery Pauli transformation. Notice that in addition to teleporting the state ^ to 
position 1, the entanglement resource Bell state has also been teleported to positions 
2 and 3. As long as the measurement method is non-demolitional, the entanglement 
resource may be used again. If we now measure the spins at 1 and 2 in the Bell basis, 
we get outcome u with probability Prob (u) = 1/4, and the state transforms as 

<^ I$m)23 ^ 4''^ [^^ 1^^)23] = ± 1^^)12 1^)3 ■ (3-8) 

The ± comes from the fact that a^ai, — a,^a^ if fj, — 0, u — 0, or fj, = v and 
o'^cTu = —cfuCffi Otherwise. We can now try to teleport the state from position 3 
to 1 again, obtaining outcome jj,2 with probability Prob (/X2) = 1/4 and the state 
transformation 

I*.)l2 4'^ IV')3 - [1$.),, <7(^) |V')3] = IV,), |$^,),3 . (3.9) 

This can be repeated indefinitely, or rather until the n*'* try when we get the desired 
measurement outcome //„ = 0, which gives us the state IV")! at position 1 without a 
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Pauli transformation. Each attempt has probability Prob (0) = 1/4 of obtaining this 
desired outcome, so the average number of attempts needed to obtain the desired 
outcome is 

{n) = 4 (3.10) 
and the probability of needing n > N attempts to obtain the desired outcome is 

Prob(//i,...,/.^^0)= (^-j , (3.11) 

i.e. failure is exponentially suppressed in the number of attempts. This gives a se- 
ries of measurements with the set of outcomes M = = 0, z/„, . . . , /ii, z/i = 0} 
such that ^„ = z/i = (the ui = initialization is included for convenience). 
We call such a series of measurements a "forced measurement" (because continue 
measuring until we get the desired outcome), and write its corresponding operator 
as 

so that 

nS'^''^ [|*o)i2 = (-i)"" 1*0)23 . (3.13) 

where the (irrelevant) overall sign depends on the series of measurement outcomes. 
In density matrix notation, writing 

P=|^)(^| (3.14) 
pE'^=|$o)($o|, (3.15) 

this forced measurement teleportation takes the form 



(23^12) 



pER(12)(g,p(3) 



^(1)^^ER(23) (316) 



In the context of conventional qubits, the "forced measurement" prescription is ob- 
viously a much less efficient alternative to the usual recovery procedure (which is 
presumably why it is never considered), as it requires multiple uses of a quantum 
channel in order to shuttle spin system 2 back and forth between spins 1 and 3, 
rather than two uses of a classical channel. However, it serves the purpose of a con- 
ceptual template for anyonic teleportation, where one does not have an operation 
equivalent to application of a Pauli matrix to use for recovery of the state. 



3.2 Anyons 



In anyonic systems, it is important to use the forced measurement approach to tele- 
portation, because undesired measurement outcomes have the effect of introduc- 
ing non-trivial anyonic charge entanglement between the state system and other 
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anyons. Unlike the Spin- 1/2 case, correcting for undesired anyonic charge entan- 
glement is not as simple as applying a local operator to one of the anyons, so there 
is no longer a more efficient alternative to forced measurement. In the case of pro- 
jective topological charge measurement, the unwanted entanglement introduced by 
measurement is with the entanglement resource pair. This case is very similar to 
that of conventional qubits, and essentially the same protocol is used for forced 
measurement teleportation. In the case of interferometry topological charge mea- 
surement, the unwanted entanglement manifests itself in the introduction of a non- 
trivial overall topological charge of system receiving the teleported state (the en- 
tanglement resource pair is automatically unentangled from the teleported state). 
This is a result of the decoherence aspect of interferometry measurement discussed 
in Section 12.21 that results from entanglement with probe anyons that are taken to 
"infinity" and traced out. This difference for interferometry measurements requires 
an additional topological charge measurement to determine whether the desired 
outcome is achieved, and thus results in a slightly modified forced measurement 
protocol for teleportation. 



3.2.1 Using Projective Measurements 

In Ref. JH, we introduced the projective measurement forced measurement proce- 
dure using the state vector formalism. Here we will review those results using the 
density matrix formalism in order to provide a more uniform treatment of the two 
cases and allow a more direct comparison with the interferometry forced measure- 
ment. 

We consider the state encoded in the non-local internal degrees of freedom of some 
anyons given by the density matrix p. Since we are presently only interested in 
manipulating one particular anyon which has definite charge a, we represent it as 



p(a, ...) 



(3.17) 



where ". . ." represents all the other anyons that comprise the state p, which we 
leave implicit (i.e. there should really be additional anyonic charge lines emanating 
from the box). Normalization factors giving Tr [p] = 1 are absorbed into the box. 

In order to teleport the state information encoded by an anyon of definite charge 
a to another anyon of definite charge a, we introduce a particle-antiparticle pair 
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produced from vacuum, given by the state 



p = |a, a; 0) (a, a; 0| 



1 ^ 

da /\ 



(3.18) 



The state in Eq. (13.181) has maximal anyonic entanglement between its two anyons, 
and is the analog of the maximally entangled Bell states typically used as the en- 
tanglement resource in quantum state teleportation of conventional qubits. 



We now tensor these together 



a a a 

V ± 



P 



pW^p{3...) («,...) = J_ 



(3.19) 



a a 



to obtain the combined state on which we will perform measurements. What we 
would like to do is perform a measurement of the collective charge of anyons 2 and 
3 for which the result is vacuum charge 0. 

Introducing the notation 



pf (-)p^-) {a,...) = i- 




(3.20) 



P 



(3...) 



it is Clear that pf^^'^p^'^ (a, . . .) = pER(i2) 
topological charge measurement of anyons 2 and 3 to the state p; 
we get the measurement outcome / with probability and post-measurement state 



a, . . .). Applying a projective 

Wp(3...)(a,...), 



Prob (/) = [Frif 



n 



(23) 



pf (-)pf ••) (a, 



pT'^'^pf-' (a, 



(3.21) 
(3.22) 



To see this, we use the unitary F-move that transforms between the two fusion 
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bases of the three anyons 

a a a a a a 




(3.23) 



a a 



(which should make clear where the probability Prob (/) comes from) and apply 
the projective measurement 




(3.24) 



a a a 



If we obtain an undesired measurement outcome / 7^ 0, we can "undo" the mea- 
surement by subsequently performing a measurement of anyons 1 and 2, as long as 
the measurement processes are non-demolitional. If this measurement has outcome 
62, the combined system is put in the post-measurement state p, 



ER(12) (3...) 



62 



62 



(a,...). 

Now we can perform a measurement of anyons 2 and 3 again, with an entirely new 
chance of obtaining the desired outcome. This procedure may be repeated until we 
obtain the desired measurement outcome, obtaining a string of measurement out- 
comes M = {ei, /i, . . . , e„, /„} (including the initialization ci for convenience), 
where ei = = and fj 7^ for j < n. The probabilities of measurement 
outcomes ej and fj are respectively 



Prob(e,)= [FrUf^_^ 



Prob(/,)= [Fri^f, 



(3.25) 
(3.26) 
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The probability of obtaining the desired outcome / = at the j*'* measurement 
attempt in this procedure is 



Prob (/, = 0) = [Ffle^o " = Nli^. (3.21) 



This probability has the non-zero lower bound 

Prob(/, =0)>C', (3.28) 

since dx > I for any x. The average number of attempts until a desired outcome is 
achieved in a forced measurement is thus 

(n) < dl, (3.29) 

and the probability of needing n > N attempts to obtain the desired outcome is 

Prob (/i, . . . , /tv ^ 0) < (l - d-^ , (3.30) 

i.e. failure is exponentially suppressed in the number of attempts. 

Thus, the forced projective measurement given by the probabilistically determined 
adaptive series of measurements 

nir = u%% o ni-) o . . . o n(-) o ui% (3.3i) 

enables use to perform anyonic state teleportation 



(32^12) 



^ER(12)^^{3...) 



^ER(32) ^ ^(1...) ) (3 32) 



using projective measurements. The notation 32 ^ 12 means the entanglement re- 
source was originally encoded in anyons 1 and 2, but after the forced measurement 
is encoded in anyons 3 and 2. One can also infer from this that the role of anyon 
3 in encoding the state p has now been transferred to anyon 1. We emphasize that 
while it is important to perform all the H'-^^^ measurements in order to teleport the 
state information, the actual outcomes ej of these measurements are unimportant. 



3.2.2 Using Interferometry Measurements 

In contrast with projective measurement, interferometrical measurement of topo- 
logical charge is not quite as simple and requires a density matrix formulation. We 
will assume the asymptotic limit of ^ oo probe measurements in which in- 
terferometry may effectively be treated as a projective measurement of the target 
anyons' collective charge, together with decoherence of anyonic charge entangle- 
ment between the target anyons and those exterior to the interferometry region (see 
Section |2!2|) . We will also assume that the probe anyons can distinguish between 
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all topological charges and only has trivial monodromy with the vacuum charge, 
allowing us to use Eq. (|2.55l) for interferometry measurements, which can be de- 
scribed as the combination of projection onto a definite charge (He) and complete 
anyonic charge decoherence between the interior and exterior of the interferome- 
try region (-De,B = ^oe)- Since we otherwise do not care about the specific details 
of the probe anyons, we will drop the label B and simply denote interferometry 
measurements using Ac = D o H^. 

We again consider the state of some anyons given by the density matrix p, and are 
presently only interested in manipulating one particular anyon which has definite 
charge a, so we represent it as 

a 

n 



p{a,...) 



(3.33) 



a 



where ". . ." represents all the other anyons that comprise the state p, which we 
leave implicit (i.e. there should really be additional anyonic charge lines emanating 
from the box). We will need to assume that p has trivial overall charge p = po 
in order to be able to implement our forced measurement procedure. This is not 
a severe restriction, as one can always achieve such a condition by keeping track 
of additional anyons. Furthermore, the anyonic states used to encode topological 
qubits will have trivial overall charge, so this restriction automatically includes 
those of interest to us for TQC. One might worry that such a restriction is pointless, 
since we are going to perform interferometry measurements, and we know that 
interferometry can change the overall charge. In fact, it is exactly this effect that 
we correct for by using forced measurement. We will see that the interferometry 
measurements employed are such that they change the overall charge and introduce 
anyonic charge entanglement in a very particular way that be represented by the 
attachment of a charge line connecting the a lines on either end of the density 
matrix. Thus, we define the density matrix that can occur at intermediate steps in 
the forced measurement 



Px [a, 




(3.34) 



where x = obviously gives the original state po, and the normalization factor 
is included so that Tr [p^.] = Tr [po] = 1. We note that measuring the collective 
charge of all the anyons that comprise this state (i.e. measuring the overall charge 
of Px) gives the measurement outcome x. Hence, the restriction that the original 
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state po have trivial overall charge makes it possible to correctly identify the charge 
X by performing a measuremeni£j. We will later see that it is essential in our forced 
measurement procedure to be able to properly identify the charge x, hence the 
reason for restricting to such initial po- 

The entanglement resource for interferometry measurement based teleportation is 

a a 

^ ' ' ' ' ^ (3.35) 



CLe dav (^e 




a a 



We do not require e = here because it is not necessary for the procedure to work 
(nor does it significantly increase the probability of obtaining a desired measure- 
ment result). Furthermore, e will generally change in each step, so if we wanted 
to require e = 0, we would have to perform additional steps to re-initialize the 
entanglement resource, making the procedure less efficient. 

We now tensor these together 



pf(^^)®P^-)(a,...) 



daV dedx 




(3.36) 



a a a 



Performing an interferometry measurement on anyons 2 and 3 will have the charge 
measurement outcome / with probability and post-measurement state given by 



Prob(/)=iV4| 



a(23) 



pf(^^)®pf-) (a, 



(3.37) 



EProb(y|/)pf('')®p(i-) (a,...) (3.38) 



where 



Prob(y|/) = ^ [Ff 



qa 



qxai 



iya 



(3.39) 



The probability Prob (/) should be obvious, since anyons 2 and 3 are initially un- 
entangled (no charge lines connect them) and thus have randomly determined col- 



^ If the original density matrix had overall charge that was non-Abelian, this measurement 
could not unambiguously identify the charge x. One would still be able to properly identify 
the charge x using such a measurement if this condition was relaxed to allow the initial 
state to have a known, definite Abelian overall charge, however such a generalization is 
unnecessary for our purposes. 
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lective charge (i.e. probabilities weighted by their quantum dimension). To demon- 
strate the result for the post-measurement state, we break the interferometry mea- 
surement into the two parts (projection and decoherence) A^^'^^ = Z^^^^) o H^P^ 




where the F-move applied in the last step is in preparation for applying the deco- 
herence operator Z}(^'^\ which then simply projects onto w = 0. Applying D^"^^^ 
to the result of Eq. (13.401) gives the post-interferometry measurement state (using 
isotopy and braidings whose effects cancel) 
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pf (^^) ® pt-^ (a, . . .) 



pf (^^) ® (a, . . .) 



a a a 



1 



dadfy/dedx 




V 



e j /j x 



a a a 

a 



2/ da^J'dfdy 



Po 



V 

/ (3.41) 



a a a 



A 



a o a 



which gives our claimed post-interferometry measurement state. In the last step, we 
used the diagrammatic evaluation 




y,<i 



qa 



qxai 



Jya 



dedfdx 

\ dy 



(3.42) 



After the interferometry measurement A^^^^\ the entanglement resource has moved 
to anyons 2 and 3 and has no entanglement with the anyons encoding the state 
Po- However, we are left with incoherent superpositions of the charge y, and the 
possibility of having an undesired non-trivial charge y 0. We now measure this 
charge y to determine whether or not we have achieved the desired result y — 0. 
This is done by performing an interferometry measurement on anyons 1, . . ., where 
". . ." stands for all other anyons that have non-trivial anyonic charge entanglement 
with anyon 1, which of course now excludes anyons 2 and 3. This measurement 
will have outcome z (given the previous measurement outcome /) with probability 
Prob {z\f), and result in the post-measurement state 



A(i-) 



{a,...) 



(3.43) 



Since the overall charge y was already fully decohered, this interferometry mea- 
surement is simply a projective measurement of the incoherent superpositions of y 
(i.e. this is essentially just a classical measurement). 
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Thus, the total probability of ending up with p^^' (a, . . .) after performing these 
two measurement (A^^^^ and A^^ - )) on the state ^ ^^3...) . . .) is 



Prob (z) = Prob {z\f) Prob (/) 
/ 



f,q « 



qa 



qxa'\ I 
a \za\ 



(3.44) 
(3.45) 



and in particular, the probability of achieving the desired outcome z — from this 
process is 

Prob = 0) = df. (3.46) 
To obtain this result, we combined the relation 



pefa 



dx 



/ 



Fa J fa 



(3.47) 



which can be derived from the pentagon equations, with unitarity of the F-moves 
to perform the sum 



V iV^ ^ iF^f" 



T.NL\[pr]fa 

f 



1. 



(3.48) 



If the measurement results in an undesired outcome 2; 7^ 0, we now undo the 
"failed" teleportation by performing an interferometry measurement A^^^^ on anyons 
1 and 2. For measurement outcome 62, this gives the post-measurement state 

Aif^ [pf(^^)®pP(a,...)] =EProb(a;2|e2)p^f(^^)®pg---)(a,...) (3.49) 

One could now measure X2, but this provides no important information and has 
no significant effect on the forced measurement process, so we will not do so in 
order to be more efficient with our measurements (especially the more difficult ones 
involving more than two anyons). Leaving the charge X2 unmeasured will simply 
introduce a sum over the probabilities of having charge X2 in the next step. Now we 
can repeat the measurements A*^^^) and A*^^ -) with a new chance of obtaining the 
desired outcome Z2 = 0. This procedure may be repeated until the desired outcome 
is achieved on the nth attempt, giving the set of measurement outcomes 

M ^{eiJi,Zi,...,enJn:Zn} (3.50) 

where Zn = and zj 7^ for j < n (and the initialization ei is included for conve- 
nience). The probabilities of measurement outcomes ej, fj, and zj are respectively 
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Prob {e,)=Nli^ 



Prob 



r. df. 



(3.51) 
(3.52) 



Prob {zj) = Prob {z^\f,) Prob (/,) 



qa 



(3.53) 



Of course, the only probability that matters for our purposes is the total probabil- 
ity Prob {zj = 0) = d^"^ from Eq. (13.461) of achieving the desired outcome Zj = 
in each attempt, which is independent of j. From this, the average number of at- 
tempts n until a desired Zn = outcome is achieved in an interferometry forced 
measurement is found to be 

{n) = dl (3.54) 

and the probability of needing n > N attempts to obtain the desired outcome is 
exponentially suppressed 



Prob(^i,...,z^ ^ 0) = {l-df 



N 



(3.55) 



just as in the previous cases of forced measurement teleportation. For the non- 
Abelian anyon models considered in this paper 



Prob {zj 


= 0) = 


1 

"a 


Prob {zj 


= 0) = 


1 

"a 


Prob (zj 


= 0) = 


1 

"a 



'^-2 



for Ising using a = 
.38 for Fib using a = 1 



a 



(3.56) 



4 cos- 



\ k+2) 



for SU(2)fc using a 



Thus, the forced interferometry measurement given by the probabilistically deter- 
mined adaptive series of interferometry measurements 

Air = Aii-i o A^^) o A(-) o . . . o Aii-) o A^;^) o A(f ) (3.57) 
enables us to perform anyonic state teleportation 



Am 



(32^12) 



pT'^ ® pV (a, . . .) I = P/r" ® P'o-' (a, ■ . .) (3.58) 



ER(32) (1...) 



using interferometry measurements. We emphasize that while it is important to per- 
form all the A*^^^) and A*^^^) measurements in order to teleport the state information, 
the actual outcomes ej and fj of these measurements are unimportant. 

It is sometimes possible to use knowledge of measurement outcomes previous to a 
Uj measurement (usually at or near the beginning of a forced measurement) to infer 
(by classical information processing) that the probability of a measurement with 
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outcome zj = is either or 1, thus making the measurement unnecessary (e.g. if 
any two of e, x, and / are known to be Abelian). This could help with the efficiency 
of measurement use, but only some fraction of the time. 



4 Measurement-Generated Braiding Transformations 



As motivation for this section (and in fact for the entire paper), we consider the 
state of a number anyons, two of which have charge a. Focusing only on these two 
anyons, we write the state as 



IV' (a, a,...)) 



a 



a 



(4.1) 



If we introduce a charge conjugate pair 

\a, a; 0) = 



la a 



(4.2) 



nearby (tensor these states together), then applying three projective topological 
charge measurements, all with outcomes 0, we have 



|a,a;0)(23) ® {a,a, . . .)) ^-^^ 



a a a a 
V 



'da 




= C l«, «; 0)(23) ® R^aa^ IV' («, O, . . .))(i4.. 



(4.3) 



where Oa 



oi2lTSa 



is a phase, known as the topological spin of a, obtained from 



straightening out a counterclockwise twist in a charge a line. The dashed line parti- 
tions have been inserted to help clarify the contributions to the diagram from each 
of the three projectors. From this we see that topological charge measurement could 

potentially be used to generate a braiding transformation. Specifically, performing 
these three measurements with vacuum as their charge measurement outcomes 
transforms the state ^jj exactly the same way it would if anyons 1 and 4 were ex- 
changed by a counterclockwise half twist (i.e. braided), up to an overall phase. 
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However, we know that measurement outcomes are probabilistic, so the only way 
we could achieve such a transformation via topological charge measurements is if 
we had some way to force each measurement to have the desired vacuum charge 
outcome. Of course, this is exactly what we have produced in the Section [3j where 
we demonstrated that one could perform teleportation through a "forced measure- 
ment" procedure. 



Based on this observation, we can now produce braiding transformations 



a/ \a 



Y . 

a/\a 



(4.4) 



for two anyons of definite charge a by introducing an appropriate entanglement 
resource near these anyons and performing three consecutive forced measurement 
teleportations. 

We assume these two anyons (partially) comprise the state 



a 



p(a,a, ...) 



a 



(4.5) 



Using projective topological charge measurements, we introduce the entanglement 
resource 



p = \a, a; 0) (a, a; 0| 
and perform three forced projective measurements to get 

,ER(23)^^(14...) (^^^^...) 



f^(23^24) A(24^21) A(21^23) 
■'-'■A/3 ° ■'■■'■ M2 ° ■'■■'■Ml 



P 



f^(23^24) ■f^(24^21) ■fV(21^23) 
■'■■'■Ms ° ■'■■'■ Af2 ° ■'■■'■ Afi 



a a a a 
V 




p 






P 


1 A I 




\/ 


a a a a 













a a a a 



^^ER(23) ^^(14)^(14...) (,,,,...)^t(14)^ 

where the forced projective measurements used here are given by 



(4.6) 



(4.7) 
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^'ur^' = nrio ° ni-^ o . . . o n^-^ o n^^U (4.8) 
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-23) 




) . 
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(24. 
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-21) 




) . 
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(23. 

M3 


-24) 




n(24) . 




on 



^'mI ' = nr=o ° nr:j o . . . o n-: o n-;Lo (4.9) 
n)^r^" = nr3=o ° n^-/ o . . . o n-- o ng^Lo. (4.io) 

In these series, ei^ = by the initialization assumption, ei^ = f^, and cig = /„2, 
so the first measurement of each forced measurement series is actually already 
done by the previous forced measurement series and hence need not be repeated. 
Similarly, we have 



f^(23^21) fr(21^24) fr(24^23) 
■'■■'■Ma ° M2 ° ■'■■'■Ml 



P' 



,ER(23) 



p'^^'^---^ (a, a, 



P' 



ER(23) ^ /?t{M)^(14...) 



(4.11) 



using the forced projective measurements 
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■'■■'■Ml 


-23) 


- ■^Vni=0 


n(23) . 
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^^M2 
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onf)o. 

en2 


. nf ) 
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tt(23. 
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n(2i) . 
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. nf ) 
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i:,=o (4.12) 
SLo (4.13) 
^'Lo- (4.14) 

Eqs. (14.714.1 II) respectively generate the counterclockwise and clockwise braiding 
transformations of anyons 1 and 4 on the state p. Thus, with the introduction of 
an appropriate entanglement resource p^^ pair of anyons at positions 2 and 3, we 
can schematically write appropriate series of projective topological charge mea- 
surements as being equivalent to braiding transformations of anyons of charge a at 
positions 1 and 4 




When using interferometry measurements of topological charge, we restrict the 
state p (a, a, . . .) = po («, a, • • •) to have overall charge (because this restriction 
was needed to perform forced interferometry measurement anyonic teleportation in 
Section [3.2.2l) . and introduce the entanglement resource 

Pe^ = -J- |a, a; e) (a, a; e| (4.17) 

where the particular value of e is unimportant. To generate the braiding transfor- 
mations, we perform three forced interferometry measurements 
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Fig. 2. Projective topological charge measurements of pairs of anyons (a) 1 and 2, (b) 2 
and 3, and (c) 2 and 4 are used to implement forced projective measurement anyonic state 
teleportation, which is used to produce braiding transformations as in Eqs. (I4.7l - I4.16l ). 
The ovals delineate the areas for which the contained collective topological charge is being 
measured. 
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Pe 



(4.18) 



where e' = /„3 is the collective charge (whose value is unimportant) of the en- 
tanglement resource pair given by the last / charge measurement from the third 
forced measurement series M3. The forced interferometry measurements used here 
are given by 



o Ag-) o A^;;) o Agf (4.19) 
o Ag3-) o Ag^) o Ag;) (4.20) 
oAgJ-)oAg)oAgJ), (4.21) 

where ei^ = fn^ and ei^ = /„2. Again, the first measurement of each forced mea- 
surement series is actually already done by the previous forced measurement series, 
so they need not be repeated. Similarly, we have 

Air"^ ° Air ° Air-) [pf ® pr' («, «, . . .)] 

= pf^"^®^rVr^(a,a,...)i?i^\ (4.22) 
using the forced interferometry measurements 



aS^'') = Af -li o Af ) o A(23) o . . . 
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Fig. 3. Interferometry topological charge measurements of pairs of anyons (a) 1 and 2; (b) 2 
and 3; and (c) 2 and 4 are used together with measurements of multiple anyons (d) 1,3,.. .; 
(e) 1,4,.. .; and (f) 3, 4, . . .; where ". . ." represent the additional anyons (not shown) that 
also comprise the state po, to implement forced interferometry measurement anyonic state 
teleportation, which is used to produce braiding transformations as in Eqs. (14.181 - 1427] ). 
The ovals represent the interferometry loop of the probe anyons, delineating the areas 
for which the contained collective topological charge is being measured. The grey bars 
represent a "safe" choice of entry/exit paths of probe anyons. For a concrete example of 
this abstract depiction of interferometry measurements, see Fig. [5] 
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Eqs. (14.1814.221) respectively generate the counterclockwise and clockwise braiding 
transformations of anyons 1 and 4 on the state po- Thus, with the introduction of an 
appropriate entanglement resource pf^ (with arbitrary e allowed) pair of anyons at 
positions 2 and 3, we can schematically write appropriate series of interferometry 
topological charge measurements as being equivalent to braiding transformations 
of anyons of charge a at positions 1 and 4 




An important point to emphasize is that, for both versions of measurement- generated 
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braiding, the entanglement resource is fully replenished and returned to its origi- 
nal location at the end of these processes. This allows such measurement-generated 
braiding transformations to be employed repeatedly, without exhausting the entan- 
glement resources. This is an advantage over the measurement-based approaches 
to conventional quantum computation, for which the entanglement resources are 
consumed by the computation processes. 

In writing the particular measurements and corresponding diagrams in this section, 
there are implicit assumptions of the relative spatial configurations of the anyons 
and the manner in which the measurements are performed. It is important to un- 
derstand that the precise positions and measurement geometries are not important, 
but rather it is the topologically invariant quantities that determine how the corre- 
sponding diagrams should be written. This can efficiently be encapsulated by the 
delineation of the spatial region (with respect to the anyon locations) for which the 
topological charge is being measured. The 2-dimensional spatial configuration of 
the anyons and projective measurements used to generate the braiding transforma- 
tion in Eq. (14.1514.161) are shown in Fig.[2l There is, of course, also some freedom to 
make topologically different choices in the configurations and measurements used. 
This will generally change the details of the forced measurement procedures that 
must be used in a manner dependent upon the details of the configuration choice, 
however there are no conceptual differences between these procedures. 

When using interferometry measurements, one must be careful not to allow the 
probe anyons to cause decoherence of important anyonic charge entanglement in 
the computational anyons' system. We recall from Section 12.21 that a stream of 
probe anyons passing between two regions will decohere the anyonic charge en- 
tanglement between anyons in the different regions. Thus, we need to make sure 
that the paths of probe anyons avoid partitioning space into regions that severe im- 
portant charge entanglement lines in the computational anyons' system. We will 
therefore also indicate the probes' entry and exit paths (which will be chosen in to 
be "safe") when delineating the spatial regions of measurement. One also needs to 
be a bit careful to properly treat the measurements including ". . . " anyons. The 2- 
dimensional spatial configuration of the anyons and interferometry measurements 
used to generate the braiding transformation in Eq. (|4. 2614. 271) are shown in Fig. |3l 



5 Measurement-Only Topological Quantum Computation 

Once we know how to generate braiding transformations using only topological 
charge measurements, it is clear that, given an appropriate array of anyons encoding 
qubits and providing necessary entanglement resources, we can perform topologi- 
cal quantum computation using topological charge measurements as the only com- 
putational primitive. We arrange our initialized computational anyons in a linear ar- 
ray and distribute maximally entangled pairs (more or less) between them, forming 
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Fig. 4. A quasi-linear array of stationary anyons used for measurement-only topological 
quantum computing. Entanglement resource pairs of anyons (denoted by X's) are situated 
between adjacent pairs of computational anyons (denoted by dots) to facilitate measure- 
ment generated braiding transformations used to implement computational gates on the 
topological qubits. 

a quasi-one-dimensional array, as in Fig. HI These anyons all remain stationary and 
computational gates on the topological qubits are implemented via measurements. 
Any quantum computation algorithm can be written in terms of a set of universal 
gates, using a quantum circuit model. Topological quantum computation in turn is 
based on the fact that computational gates, in particular those in the universal gate 
set one chooses to employ for a computation, can be generated (to arbitrary pre- 
cision) from a series of braiding transformations of the computational anyons en- 
coding the topological qubits. The relations in Eqs. (14. 1514. 1614. 2614. 271) give the 
maps between braiding transformations and the topological charge measurements 
that will generate them. Combining these determines the series of measurements 
that should be performed to implement a particular quantum algorithm. It is impor- 
tant to remember that each forced measurement used in this implementation is a 
probabilistically determined adaptive series of measurement in the sense that a pre- 
specified pattern of measurements is repeated until a desired outcome is obtained. 
Since each repetition of the measurement pattern has a non-zero lower bound prob- 
ability of resulting in the desired outcome, the number of repetitions needed to 
complete each forced measurement will be exponentially suppressed. This means 
that even though the time taken by each forced measurement is probabilistically de- 
termined, unacceptable delays (from the perspective of computational time scales) 
will generally not occur as a result of employing this procedure. 

The implementation of measurement-only topological quantum computation de- 
scribed above is completely straightforward for the case of projective measure- 
ments, but there is a point one must be careful with when considering interfer- 
ometry measurements that requires us to consider how qubits are encoded more 
carefully. There are many ways quantum information can be encoded in the non- 
local multi-dimensional Hilbert space of multiple non-Abelian anyons, and at some 
level the specific choice of how to encode is unimportant. However, different en- 
codings have different properties, some of which may prove to be advantageous 
or detrimental, so in practice, the choice can be very important. For the sake of 
physically implementing a computational model, we require that there be a fixed 
upper bound (for arbitrary computation size) on the total number of anyons upon 
which any single measurement is performed. This is important because when we 
have a stationary array of computational and entanglement resource anyons, in- 
creasing the number of anyons in a measurement increases the perimeter of the 
measurement area, which in turn will generally decrease the fidelity and quantum 
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coherence of the measurement^ For the case of projective MOTQC, this bound 
is automatically satisfied, as measurements are only performed on pairs of anyons. 
For interferometrical MOTQC (as we have described it), there are interferometry 
measurements involving ". . ." anyons. A careless choice of encoding could require 
such measurements to include all the computational anyons, a number that scales 
with the number of qubits. Another point to keep in mind is that interferometry 
measurement generated teleportation and braiding (as we described it) required 
that the state upon which they act be restricted to have trivial overall topological 
charge 0. At this point we limit our attention to TQC with anyon models that have 
only self-dual topological charges. This is not a severe limitation as it includes the 
most physically relevant examples of non-Abelian anyon models: Ising, Fib, and 
SU(2)fc (see the Appendix for details). If the computational anyons have self-dual 
charge a = a, we can use a more economical distribution of entanglement resource 
anyons, situating only one anyon from each maximally entangled pair between each 
adjacent pair of computational anyons, so that the second row of X's in Fig. |4]is 
not needed, and the anyon playing the role of anyon 3 in Eqs. (14.714.1 114. 1814.221) 
and Figs. l2l3l is instead situated either to the left of anyon 1 or to the right of anyon 
4, depending on to which pair of computational anyons a braiding transformation 
is being applieciZ]. 

The standard choice of computational anyons for our example anyon models is 

a = I for Ising 

a=l for Fib (5.1) 

a = i for SU(2)fc 

which all obey the fusion rule 

a X a = + 1 (5.2) 

(where = /, | = a, and 1 = ip for Ising; and = / and 1 = £ for Fib). This 
naturally suggests the two fusion channels and 1 as the basis in which to encode 
a topological qubit. For an encoding that grants us all of the necessary properties 
for implementing interferometrical MOTQC, we choose topological qubits to be 
encoded in the possible fusion channels of four charge a non-Abelian anyons that 



° For example, the probe anyons in FQH interferometers are edge excitations, which have 
a finite coherence length determined by the system. 

^ For TQC models in which the computational anyons do not all have the same anyonic 
charge, the same forced measurement anyonic teleportation generated braiding principles 
may be applied, but a greater number of entanglement resource anyons will be needed. 
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have collective charge 0, so the topological qubit basis states |0) and |1) are 



{12)(34) 



1 

da 



a a a a 



(5.3) 



for j = 0,1. Generally, there will be multiple fusion channels from which to choose 
Cj. For our favorite examples, there are exactly two fusion channels, so we use 

co = and ci = 1 for Ising, Fib, and SU(2)fc. (5.4) 

This encoding is natural in the sense that it reproduces the standard qubit tensor 
product structure in the anyon model, i.e. there are no anyonic charge lines con- 
necting the different topological qubits, and so no anyonic charge entanglement 
between them. Combining this property with the property that each 4 anyon topo- 
logical qubit has overall charge allows us to fix an upper bound on the number 
of anyons that must be included in any single topological charge measurement em- 
ployed in interferometrical MOTQC. To see this, we recall from Section [3.2.2| that 
the state upon which we perform forced interferometry measurements needed to 
have overall charge and the ". . ." anyons were all anyons that originally had non- 
trivial anyonic charge entanglement with the anyon whose state is being teleported. 
Thus, as long as the topological qubits remain in the computational subspace of the 
encoding (i.e. with each qubit 4-tuple of anyons having overall charge 0), the ". . ." 
only includes the other anyons of the 4 encoding the qubit upon which an operation 
is being performed. Of course, this is generally only the case for single qubit gates. 
For multi-qubits gates in TQC, even though the topological qubits start and end in 
the computational subspace, there will generally be intermediate steps in the series 
of braiding transformations composing the gate during which there is non-trivial 
anyonic charge entanglement between the anyons of different topological qubits. 
For such n-qubit gates, the ". . ." measurements could require measuring the col- 
lective topological charge of up to An anyon in one measurement. Fortunately, from 
the quantum circuit model, we know that computations may be performed with an 
upper bound on n. In fact, we can choose gate sets that only include single and 2- 
qubit gates, setting the upper bound at 8 anyons the must be included in any single 
topological charge measurement. 

We summarize by stating that the concept of MOTQC is essentially to change how 
braiding transformations in TQC are implemented. Instead of physically transport- 
ing computational anyons around each other, one can instead perform a series of 
topological charge measurements. In particular, this means that the issue of com- 
putational universality of anyon models' braiding statistics is still present. A set of 
operations in computationally universal if they can densely populated the space of 
unitary transformations in the computational space. The braiding transformations 
of the Ising/SU(2)2 anyons are the generators of the Clifford group, and hence are 
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not computationally universal. To perform quantum computation with such anyons, 
one must find a way to supplement the braiding transformations with additional 
gates that makes the gate set universal. Two methods of doing this have been pro- 
posed so far: one involving non-topologically protected operations that are then 
"distilled" using topologically protected gates ll27l : the other involving dynamical 
topology change of the topological fluid in which the anyons exist BZHIHl. A nice 
feature of the Ising/SU(2)2 anyons for the sake of implementing MOTQC is that 
the interferometry measurements that are used are actually projective measurement, 
so one can simply use the projective MOTQC protocol, instead of interferometry 
MOTQC. The reason for this is that one always measures pairs of o anyons, so the 
topological charge measurement outcomes / and ^ are always Abelian charges. 



which, as explained in Section \Lm. means the interferometry measurement is pro- 
jective. On the other hand, it has been shown [30.31 J that the braiding transforma- 
tions are computationally universal for the Fibonacci anyons and for 811(2)^ when 
A; = 3 and A; > 5. 



6 Implementation in Fractional Quantum Hall Systems 

Fractional quantum Hall systems are (currently) the most physically concrete can- 
didates in which to implement topological quantum computing platforms, so we 
will address the anyonics for MOTQC devices in FQH systems in further detail. 
The braiding statistics of quasiparticles in the most physically relevant non- Abelian 
FQH states may be written in terms of an Ising, Fibonacci, or SU(2)fc anyon model 
times an Abelian sector (see Appendix). For the purposes of TQC, one can simply 
focus on the non- Abelian sector of the anyon model describing quasiparticles in a 
FQH state, because the Abelian sector only contributes overall phases that are irrel- 
evant for quantum computation. The topological charges of these anyon models are 
all self-dual, so we can employ the more economical distribution of entanglement 
resource anyon pairs needed for MOTQC. 

An anyon with definite topological charge a in a FQH system can be realized by 
either a single quasiparticle excitation that carries that topological charge, or by a 
cluster of quasiparticles that are always treated collectively and have (one way or 
another) been projected into a state with definite collective topological charge a. 
One example of how to controUably localize anyons in FQH systems is through the 
use of anti-dots. By placing a gate on top of the Hall bar that allows the Hall fluid 
beneath it to be selectively depleted through application of voltage, an anti-dot can 
be created that localizes a controllable number of quasiparticle excitations. Quasi- 
particle excitations localized on a single anti-dot are essentially fused together, and 
so are treated collectively and have definite collective charge (as a result of su- 
perselection). It should be clear that the use of antidots are not easily amenable 
to physically transporting anyons (i.e. entire antidots) around each other, which 
demonstrates why MOTQC is a desirable technique. 
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The initialization step for implementing MOTQC in FQH systems involves form- 
ing a quasi-linear array, formed by two rows of anyons. One row contains the com- 
putational anyons, and has An anyons in order to encode n topological qubits, as 
explained in Section[5] The second row contains An entanglement resource anyons. 
To initialize this array of anyons for computation, the anyons in each row are di- 
vided into 2n adjacent pairs which are put into the collective topological charge 
state. This can be carried out by several techniques, one of which is to simply 
measure the topological charge of each pair and, if it has the wrong value, throw 
it away and use a new pair. This initializes each qubit in the |0) state, and each 
entanglement resource pair to have charge 0. 



6.1 Topological charge measurement 

As topological charge measurements are the keystone of MOTQC, it is important 
to address how they will be carried out in FQH implementations. In order to per- 
form topological charge measurements in a manner that is nondemolitional and 
leaves the measured anyons stationary, the only choice for FQH systems is to use 
double point-contact interferometers. Such FQH interferometers have been studied 
in detail [I32I33I34I35I36I37I38I39I40I41I42I6I7I43L Furthermore, the y have been 
successfully implemented experimentally for Abelian FQH systems [I16I17L and 
recently for non- Abelian FQH systems fillil . 

The concept of a double-point contact interferometer is to opportunistically use of 
the edge current as a natural supply of probe anyons. By deforming the Hall fluid 
edges, for example using gates placed on the Hall bar, one can form a point contact 
- a constriction in the Hall fluid where two separate edge regions are brought into 
close enough proximity that edge quasiparticle excitations can tunnel through the 
Hall fluid from one edge to the other. Creating two such point contacts around a 
region of Hall fluid using the same edges establishes an interferometry loop around 
this region that allows the different tunneling paths to give rise to interference ef- 
fects that can be experimentally observed in the resulting tunneling current (related 
to the Hall conductance) from one edge to the other. The interference will depend 
on the total magnetic flux as well as the total collective topological charge enclosed 
in the interference loop, and running such a double-point contact interferometer 
will thus measure the collective topological charge contained inside the interfer- 
ence loop. Because of the chirality of FQH systems, these double-point contact in- 
terferometers are of the Fabry-Perot type, allowing multiple passes of probe anyons 
around the interferometry loop. To suppress such terms higher order terms, we re- 
strict to point contacts that are in the weak tunneling limit. Restricting to this limit 
also has the important effect of ensuring that quasiparticle tunneling across the 
point contacts will be dominated by fundamental quasiholes, which are the most 
RG relevant contributions because they are the excitations with smallest conformal 
scaling dimension. 
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Fig. 5. For measurement-only topological quantum computation in fractional quantum Hall 
systems, we set up a quasi-linear array of stationary anyons, and use double point-contact 
interferometers to perform interferometrical topological charge measurements. Here 
we show a section of an array in a Hall bar with three interferometers measuring the 
topological charges of different pairs of anyons. The bulk of the FQH fluid is the grey area, 
and its edge chirality is indicated by the arrows. The computational anyons are denoted 
here by dots, and the entanglement resource anyons are denoted by Xs. The FQH edge is 
deformed into the bulk by depleting the Hall fluid (light grey areas) in order to construct 
interferometers enveloping anyons to be measured. Once a measurement is completed, the 
edge protrusions are retracted, destructing the no longer needed interferometer. Tunneling 
across the point contacts is indicated by dashed lines. The "arms" reaching in from the 
side carry the incoming and outgoing current of probe anyons along their edges, and thus 
represent the entry/exit paths of probe anyons depicted abstractly in Fig. |3] Topological 
charge measurement outcomes are distinguished by the observed values of current that 
tunnels an interferometer. For one of the interferometers, we show where leads are attached 
(black squares) to the Hall bar to measure the tunneling current across the interferometer. 
Note: figure not drawn to scale. 



Once such an interferometer has collapsed superpositions of collective topological 
charge inside it to be Oin, the tunneling current (in the weak tunneling limit) will be 
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proportional to the tunneling probability 

^ \ti\^ + \t2\^ + 2 \hh\Rc {Ma^^BC'^} , (6.1) 

where ti and t2 are the tunneling amplitudes of the two point contacts, P is due to 
the background contribution, and Ma^^^B is the monodromy scalar component for 
which the probe B is the topological charge of the fundamental quasihole. It can be 
seen from the analysis in Refs. [ |6I71 that deviation from the weak tunneling limit 
(\tj\ <^ 1) will amount to a uniform suppression factor Q E [0, 1] of the interfer- 
ence term. In fact, most factors that decrease the interferometer's coherence can be 
lumped into this Q factor, such as noise, background and path fluctuations, edge- 
bulk tunneling, thermal effects, and finite coherence lengths of edge excitations. 
Fortunately, the effects encoded in the Q factor do not introduce errors, but, rather, 
they only reduce the visibility of the quantum interference in the experiment, i.e. 
Ap is multiplied by Q. Of course, this means the number of probes needed for a 
desired level of confidence in a measurement is multiplied by Q~^, so the duration 
of measurements will need to be increased, but a simple multiplicative constant to 
such time scales such as this will cause no major trouble. 

The key challenge for the purposes of MOTQC is to have such interferometers 
where we need them only during specified time intervals. For this, we envision 
an array of gates on the Hall bar that allow us to deform the edge in a controlled 
fashion used to construct and destruct arm-like protrusions of the edge reaching 
into the bulk of the Hall fluid that establish interferometers where necessary (see 
Fig. [S]). Creating and removing these interferometer arms must be done carefully 
so as not to disturb the rest of the system, particularly the topological qubits. 

6.2 Calibration 

We notice from Eq. 16.11 that the tunneling probability distinguishes topological 
charge measurement outcomes Oin by the interference term proportional to 

Re {Ma-^^BC'"} = \Ma,„B\ COS {Oa-^^B + /?) , (6.2) 

where (3 is an experimental variable, and Oa,^B = arg{MiinB}- (This is still true 
when there is a Q factor.) Trying to distinguish topological charges a and a' for 
which the monodromy matrix elements have the same magnitudes | MaB \ = \ Ma' b \ 
can get a bit tricky. Since these monodromies and their resulting tunneling probabil- 
ities and currents are only distinguished by their relative phase, in order to correctly 
identify the topological charge measurement outcome, one must initially calibrate 
the interferometers, associating fixed values of tunneling current with the different 
measurement outcome possibilities (tuning /5 to a preferable value). Additionally, 
one must have the ability to reproduce tuned values of P with reliable precision. 
This may be quite difficult to achieve. 
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When trying to distinguish topological charges a and a' for which the monodromy 
matrix elements have the different magnitudes \MaB\ 7^ l^a'sl^ there is a more 
robust method of identifying the measurement outcome. By varying (3, one can ob- 
serve the magnitude of the interference term, and in doing so distinguish between 
a and a'. For this, the interferometers' calibration only involves associating inter- 
ference magnitudes with the different measurement outcome possibilities. 

Unfortunately, when using Ising anyons for TQC, we have to deal with the first 
situation, because we need to distinguish between the Ising charges / and t/j using 
a probes, which have Mj^ = 1 and M^^ = —1. As a minor concession, these mon- 
odromies are at least also maximally distinguishable (AM = 2), giving them the 
most amount of leeway one can hope for when precision tuning of (3 is required. 
When using Fibonacci anyons for TQC, we fortunately have the benefit of the sec- 
ond situation, because we need to distinguish between the Fib charges / and e using 
e probes, which have Mj^ = 1 and M^^ = -0-^ ~ _o.38. When using SU{2)k 
anyons for TQC, we need to distinguish between the charges and 1 using charge 
I probes, which have Mqi = 1 and M-^i = 1 — 4sin^ (iT^)- k = 2, this 
is exactly the same as the Ising anyons. For A; > 3, these monodromies have dif- 
ferent magnitudes, so we have the benefit of the second situation described above. 
However, we also point out that as k increases, M^i — > 1 and AM — > 0, so the 
distinguishability also decreases, eventually to the point of making either method 
incapable of distinguishing the charges in practice. Thus, A; = 3, which is essen- 
tially the same as the Fibonacci anyons, is the optimal case from the perspective of 
measuring topological charge. 

6.3 Time scales 

It is difficult to make a sound estimate of the time x,. it takes to repattern the edges 
of the FQH fluid in order to construct/destruct interferometers as desired. We can, 
however, make a naive estimate assuming that the bulk Hall fluid can be displaced 
a distance L^t corresponding to the size of the interferometer, at a rate determined 
by the velocity Ve of electrons at the edge of the Hall fluid. This gives an estimated 
interferometer construction/destruction time scale of 

Tr ~ Ve-Linf (6.3) 

The electron edge velocity in experiments is found to be about v ~ 10^ m/s, and we 
can approximate the interferometer length as Ljnt ~ 1 /xm, giving the time estimate 
of Tr ~ 1 ns. It is quite possible this is an overly optimistic estimate and that other 
rate determining factors will necessitate longer durations, but more accurate time 
scales for such processes are, in any case, best obtained empirically. 

We can estimate the measurement duration one needs to run a properly tuned 
double point-contact interferometer (in the weak tunneling limit) to achieve a de- 
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sired confidence level 1 — a for the interferometry topological charge measurement 
by using Eq. (|2.60l) to give 



r -1 1 2 

g*^2 ^ 8e* erfc (a) 



/t ~ It (AM) 



2 



(6.4) 



where e* is the electric charge of the tunneling quasiparticles (i.e. the probe anyons 
of the interferometer), It is the tunneling current through a single point contact 
with tunneling amplitude t, and is the estimated number of probes needed. For 
example, to achieve a = 10~^ in the v = 5/2 MR state, where the probes are 
fundamental quasiholes (which have e/4 electric charge and a Ising topological 
charge) and the measurements are distinguishing between / and tjj Ising topolog- 
ical charges, a tunneling current Jt ~ 1 nA typical of point contacts in experi- 
ments [.44. 45 .46. lU conducted at z/ = 5/2 gives the necessary measurement dura- 
tion estimate Tm ~ 1 ns. This analysis neglected a possible suppression Q factor, 
which, as discussed above, will increase the measurement time needed by a factor 
of Q~^, but it is difficult to quantify all the contributions to Q, so it is also best 
obtained empirically. 

Combining these two time estimates with the average number of attempts (n) ~ 
needed in each forced measurement (which is equal to 2 for the MR state) and the 
number of topological charge measurements in each attempt (2 or 3), we estimate 
the time it takes to implement a single measurement generated braiding transfor- 
mation Raa as 

TR ~ 3dl {2Tr + r„) . (6.5) 

For the z/ = 5/2 MR state, this gives a time estimate for implementing a braiding 
transformation on the order of r/j ~ 10 ns. The number of braiding transformations 
needed will depend on the computation being performed and the anyon model of 
the non-Abelian FQH state being used. 



6.4 Error sources 



Our measurement-only scheme is strongly dependent on the accuracy of measure- 
ments. Suppose, for instance, that we measure the total topological charge of a pair 
of a quasiparticles in the u = h/2 MR state. Let us further suppose that we perform 
the measurement for long enough that the state is projected onto I or ip topological 
charge with the desired accuracy. There is still the possibility that if the state of the 
pair is / then we may misidentify it as ^jj, which would be a fatal error. How could 
such a calamity occur? Our measurement technique is interferometry, so we must 
be able to distinguish the two possible conductances which can occur, depending 
on the collective topological charge of the pair of as. In other words, we must be 
able to distinguish between two possible values of the tunneling current through 
the interferometer. However, the current will invariably be noisy (if not as a result 
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of thermal noise, then at least as a result of quantum noise). Thus, it is important 
for us to make the noise as small as possible. 

Let us suppose that we are at low enough temperatures that we can ignore all 
sources of noise apart from quantum noise. (We can estimate the temperature which 
must be maintained in order to avoid Johnson-Nyquist noise.) At low frequencies, 
there will be 'shot noise,' which can be understood as follows. During a measure- 
ment time Tm, Nt quasiparticles will tunnel across the interferometer, leading to 
a current It — e*Nt/Tm- If these are independent events with a Poisson distribu- 
tion, as can be shown to be the case by direct computation, then the fluctuations 
in the current will be A/^ = e*y/2Nt/Tm — ^J2e*lt/Tjn- This is often written 
as A7t = -\/2e*/tAa;, where uj is the frequency bandwidth of the measurement. 
Consequently, we can minimize the fluctuations in the current by performing the 
measurement over as long a time as possible. For the sake of concreteness, let us 
suppose that we have configured our interferometer so that the conductance through 
the interferometer is > if the two quasiparticles inside the interferometer fuse 
to ^ and the conductance is zero (perfect destructive interference) is the two quasi- 
particles fuse to /. Suppose the two quasiparticles fuse to ijj. If an average current It 
would flow through the interferometer in a measurement of infinite duration then, 
for a Poisson distribution, there is a probability e"^""^*/^* that zero current would 
flow through the interferometer during a measurement time t^- This probability 
can be made smaller by making either It or larger. However, we cannot make It 
too large as It = gV and we need e*V <^ A, where A is the energy gap. Hence, 
the probability of an erroneous measurement is greater than e^'''"S'^/(e') gy mak- 
ing Tm large, we can make this error probability small. In principle, we are free to 
make as large as we like, so long as it remains much smaller than the decoher- 
ence time of the qubit, Tm -C Tdec- As we discuss below, we expect r^ec e^/^^ for 
temperature T. Thus, by taking 

1/A < < Tdec, (6.6) 

we can make the probability of an erroneous measurement very small. For the u = 
5/2 state, the currently largest measured values of the gap A5/2 ~ 500 mK, together 
with experimentally accessed temperatures of about T ~ 10 mK, indicate that 
desirable measurement times for avoiding errors should be 0.1 ns <S 10^ s. 

Stray excitations are another source of error. In any real device, there will be local 
potential wells where quasiparticles get trapped. As long as they do not move, they 
will not be an overly serious problem, as their effect can be neutralized in a number 
of ways. In the Ising case, each computational a anyon can actually be a collection 
of an odd number of quasiparticles, some of which may be on an antidot, while the 
others are stray excitations localized in the bulk. In order for this identification to be 
correct, it is important that, when we perform measurements of the combined topo- 
logical charge of two a anyons, we always include the stray localized excitations 
that we are associating with a computational anyon. Thus, when we group some 
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stray excitations with our anti-dots, it makes sense to include in our grouping those 
stray excitations which are enclosed by the arms of the possible interferometers and 
to exclude those which are not. If there are an odd number of quasiparticles on an 
anti-dot and an odd number of stray localized excitations that is grouped with an 
anti-dot in this way, then we should either modify the interferometer arms so that 
they enclose an even number of strays, somehow remove one of the strays, or in- 
stead localize an even number of quasiparticles on the anti-dot. The same strategy 
works for Fibonacci anyons, except that in this case we can have either an even or an 
odd number of quasiparticles that define a computational anyon, so long as the total 
topological charge of the group (anti-dot -i- strays) is e. If it is /, then we proceed 
with the same methods as in the Ising case to change the number of quasiparticles 
comprising the computational anyon. For general non-Abelian anyons, essentially 
the same strategy applies, but there may be more fusion channels to worry about. 

If the strays excitations move around, this is a more serious problem. Motion within 
a grouping is not a problem since this cannot change the topological charge of the 
group, and hence does not effect the encoded qubits. However, the motion of a 
stray excitation out of a group or encircling parts of two different groups will cause 
an error. Let us suppose that the quasiparticles diffuse with a diffusion constant D 
which is exponentially small with Arrhenius-type dependence D ~ Dqc^^^"^^. If 
the groups have a linear scale L which is roughly the distance between anti-dots, 
then a stray quasiparticle must move a distance of approximately L in order to 
cause an error. This will take a time r ~ L"^ / D. The number of such quasiparticles 
is approximately n^L^, where Ug is the density of stray localized quasiparticles. 
Hence, the error rate 

r ~ UsL^/t ~ n,D ~ HsDoe'^^'^'^ . (6.7) 

By making the temperature sufficiently small, we can keep this error rate low. For 
an empirical estimate, we use the relation 

2dns e\,D 
CTxx = e -7—D ^ — - — (6.8) 
d(x A 

with the experimental data for the v = 5/2 state from Ref. [|47ll, which found 
R^^ ~ Rqc'^/'^'^ with i?,o — 170 Vt and A ~ 544 mK (from measurements in 
the temperature range T ^ 40 — 200 mK). Extrapolating down to T ~ 10 mK 
(which can be reached experimentally, but makes R^x too impractically small to 
measure) gives V ~ 10^'^ s^^, i.e a decoherence time on the order of rjec ~ 10'^ s. 
If necessary, this decoherence time can be greatly increased further with only a 
modest temperature decrease, since it has Tdec oc e"^/^^ dependence on temperature. 
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A Examples of Anyon Models 



In this Appendix, we give detailed descriptions of the Ising, Fibonacci, and SU(2)fc 
anyons models, and explain where they occur in non-Abelian fractional quantum 
Hall states. 



A.l Ising 



The Ising anyon model is derived from the CFT that describes the Ising model at 
criticality ll48l . It is related to SU(2)2 as its CFT can be obtained using the coset 
construction SU(2)2/U(1). It has anyonic charges C = {/,cr, ^/'j (which respec- 
tively correspond to vacuum, spin, and Majorana fermions in the CFT, and are 
sometimes denoted 0, |, and 1, because of the relation with SU(2)2). The anyon 
model is described by (listing only the non-trivial F-symbols and i?-symbols, i.e. 
those not listed are equal to one if their vertices are permitted by fusion, and equal 
to zero if they are not permitted): 



C = {/, cr^ip} ^ I X a = a x a = I + a x ip = tp x = I 


Fa Je 


f - [Ka]ef - 

(7 

ua L J ua 




1 1 
/2 V2 
1 -1 

/2 ^fi. 


ef 

- 'pi""' 

GG L ^ J 


= -1 

TO" 


i?j- = e-^f, i?;- = e^¥, Rf = Rf- = e-'^, Rp = -1 


S" — 1 


1 ^f2 1 
^/2 
1 1 




M = 


1 1 1 
1 -1 

1 -1 1 




dj = d^ = l, d^ = V2, V = 2 


ei = l, 9^ = e'f, 9^ = -l 



where e, / G {/, ip}. 

Probes anyons of definite charge b = a have Mab = 1,0,-1 for /, a, ip respectively, 
and so have trivial monodromy only with the vacuum charge /. Distinguishing 
between / and ijj, these probes have AM = 2. 
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A.2 Fib 



The Fibonacci (Fib) anyon model (also known as 80(8)3, since it may be obtained 
from the SU (2)3 anyon model by restricting to integer spins j = 0, 1; as a Chem- 
Simons or WZW theory, this is more properly equated with (62)^ since SO (3)^ 
is only allowed for A; = mod 4) is known to be universal for TQC [|3T1l . It has 
two charges C = {!,£} (sometimes denoted and 1, respectively, because of the 
relation with SU (2)3) and is described by (listing only the non-trivial F-symbols 
and _R-symbols): 



C = {/,£:}, 1x1 = 1, I X 6 = e, exe = I + e 


[Frif = imef = 


" 0-1 0-1/2 
0-1/2 -0-1 


- ef 


J^ee g— i47r/5 J^ee gi37r/5 


s= 1 


1 




M = 


1 1 

1 -0-2 




di = l, ds = (f), V = y/(^ + 2 


■ 47r 

Qi = 1, ee = e'- 



where = ^^^^ is the Golden ratio. We denote the anyon model given by this with 
the complex conjugate values of the i?-symbols and topological spins as Fib. 

Probes anyons of definite charge h = e have Mah = 1, — 02 for /, e respectively, and 
so have trivial monodromy only with the vacuum charge /. Distinguishing between 
/ and e, these probes have AM = 1 + 0-2 ^ 1.38. 



A.3 SU{2), 



The SU(2)^ anyon models (for k an integer) are "g-deformed" versions of the usual 
SU(2) for g = e '=+2, which, roughly speaking, means integers n are replaced by 
[n]^ = f//lzlZ"/l . These describe SU(2)^ Chern-Simons theories [H and WZW 
CFTs 1,50.51 1 , and give rise to the Jones polynomials of knot theory ll52l . Their 
braiding statistics are known to be universal for TQC Il30l all k, except k = 1, 2, 



51 



and 4. They are described by: 



C = {o 



1 k 
' 2' ■ ■ ■ ' 2 



, min{ji+j2,fc-ii-j2} 
I , J 1 X J2 = E j 
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where { }^ is a "g-deformed" version of the usual SU(2) 6j-symbols. 



Probes anyons of definite charge b = ^ have M,f, = — and so monodromy 

•^"^l fc+2 j 

with each other charge is distinguishable, and trivial only with the vacuum charge 



0. Distinguishing between and 1, these probes have AM = 4 sin^ 




A.4 Non-Abelian Fractional Quantum Hall States 



Following Ref. f8l, it is natural to construct FQH wavefunctions using CFT correla- 
tors. Though the CFT is needed to generate explicit wavefunctions and to describe 
the details of the edge physics [f53l. one can determine an anyon model describing 
the fusion and braiding statistics of the quasiparticles of a FQH state directly from 
its associated CFT In FQH systems, the anyons 1, . . . , m are bulk quasiparticles, 
and the probe anyons are edge excitations. Nonetheless, edge excitations have well- 
defined topological properties, and for the purposes of this paper, the anyon model 
contains all the pertinent information. 
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A.4. 1 Moore-Read and Bonderson-Slingerland 

The MR state [8J for u = 5/2, 7/2 is described by (a spectrum restriction of) the 
product of the Ising CFT with an Abelian U (1). Specifically, the is 

MR = Ising X U(l)2lc (A.l) 

where the spectrum restriction is such that / and ip Ising charges are paired with 
integer U (1) fluxes, while a Ising charges are paired with half-integer U (1) fluxes. 
The fundamental quasihole of the MR state has electric charge e/4 and carrying 
the Ising topological charge a. The particle-hole conjugate of MR simply has non- 
Abelian statistics that are complex conjugated. 

The BS states ifTOll are obtained from MR by applying a hierarchical (or alterna- 
tively a composite fermion) construction to the U (1) sector. They may be written 

as 

BS^ = Ising xU(l)^|^ (A.2) 

where the Ji -matrix is determined by the details of the hierarchical construction 
over MR. This Ising based candidate states for all other second Landau level FQH 
filling fractions (i.e. including those observed at z/ = 7/3, 12/5, 8/3, and 14/5). 
The quasiparticle excitation spectra of the BS states include excitations that carry 
Ising topological charge a, but these do not always also carry the minimal electric 
charge. 



A.4.2 k = 3 Read-Rezayi and NASS 

The particle-hole conjugate of the A; = 3, M = 1 RR state [9] is a candidate for 
z/ = 12/5, which is constructed from the Zs-Parafermion (Pfa) CFT and an Abelian 
U (1). The braiding statistics of this state is described by the direct product of anyon 
models 

RRfc=3,M=i = Pf3xU(l) = Fib X Z^{S , (A.3) 

where the overline indicates complex conjugation and Z^q is an Abelian anyon 
model (using the notation of Ref. 1161711 ). The fundamental quasiholes of this state 
have electric charge e/5 and Fib topological charge e. 

The k = 2, M = 1 NASS state [|54| , based on SU (3)^-parafermions, is a candidate 
for z/ = 4/7. Its braiding statistics is described by 

NASSfc=2,M=i = Fib X D' (Z2) X U (1) , (A.4) 

where D' (Z2) is an Abelian theory similar to D (Z2), the quantum double of Z2 
(a.k.a. the toric code). Its data is listed in [6J and also as z/ = 8 in Table 2 of [15J. 
The fundamental quasiholes of this state carrying Fib topological charge e, and 
electric charge of either e/7 or 2e/7. 
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As these theories are the direct product of a Fibonacci theory with Abelian sectors, 
the braiding statistics of quasiparticle excitations carrying the non-trivial Fibonacci 
charge are computationally universal. 



A.4.3 NAF states 

Wen's NAF states II55I561 have non- Abelian statistics based on SU (A^)^. We will 
not describe these states in detail, but simply state that the fundamental quasiholes 
of the SU (2)^ states have carry the non-Abelian topological charge i. 
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